We prove that the force sensitivity of the conventional optomechanical detector associated with the optical quadrature measurement of the output beam is lower bounded by the so-called ultimate quantum limit (UQL), i.e., the absolute value of the imaginary part of the inverse mechanical susceptibility. Through the linear response theory, we find that the force sensitivity of any linear detector is lower bounded by a generalized UQL, which might beat the usual UQL by properly tailoring the detector-oscillator interaction. We believe that our results open a new direction for improving the performance of high-sensitivity detection schemes.
Introduction.-Quantum noise is known to impose fundamental limits on high-sensitivity measurements [1, 2] . For a force measurement with an optomechanical detector [2, 3] , the force is estimated from its effect on the position of a harmonic oscillator. The displacement of the oscillator is then read out by a probing laser beam. The force sensitivity of the measurement is limited by two types of quantum noise: the shot noise of the laser beam at the detection port and the radiation pressure backaction noise introduced by the oscillator [3] . An optimal tradeoff between these noises induces a lower bound for classical detection sensitivity, which is the so-called standard quantum limit (SQL) [1] [2] [3] .
However, the SQL itself is not a fundamental quantum limit. Various schemes to overcome the SQL in force measurements have been proposed, such as frequency dependent squeezing (FDS) of the input beam [4, 5] , cavity detuning (CD) [6] , variational measurement (VM) [7] , coherent quantum noise cancelation (CQNC) [8] , etc. More importantly, an immediate question is to find out the fundamental quantum limit for the force sensitivity. In this letter, we aim to answer this question. For the mentioned schemes that beat the SQL, we find that the corresponding force sensitivities are lower bounded by the so-called UQL [5, 6] . It is related to the dissipation mechanism of the oscillator, via the absolute value of the imaginary part of the inverse mechanical susceptibility. Through the linear response theory, we prove that the force sensitivity of any linear detector is lower bounded by a generalized UQL, which can be achieved by properly tailoring the detector so as to overcome the usual UQL. This lower bound also holds for the cases with coherent quantum control and/or quantum feedback [9, 10] . The purpose of this letter is to provide a criterion for the sensitivity limit, just as the Heisenberg limit in quantum optical phase estimation [11] , and stimulate some promising approaches for improving the performance of high-sensitivity detection schemes.
Optomechanical detector.-The optomechanical detector consists of a high quality Fabry-Perot cavity, with a fixed transmissive mirror in front of the cavity, and a moveable, perfectly reflecting mirror at the back (see Fig.  1a ). The cavity is in thermal equilibrium with the radiation, and is fed with a driving laser. We aim to estimate a classical force acting on the moveable mirror of cavity, for example, the passing of a gravitational wave [12] . In the rotating frame at the driving frequency ω 0 of the input laser, the system is described by the Hamiltonian ( = 1)
where H m = Ωa † a−xf (t) is the mechanical oscillator under the classical force f (t), and H o = ∆b † b is the cavity with the resonance frequency ω b at the equilibrium position x = 0 in the presence of the mean radiation pressure and the cavity detuning ∆ = ω b − ω 0 . The third term captures optomechanical interaction with the coupling strength g om . The last term
is the laser driving Hamiltonian. Taking into account the thermal noises, the equations of motion are given by the quantum Langevin equations [13] ,
where Γ(γ) and a in (b in ) are the decay rate and thermal noise operator for the oscillator (cavity), respectively. The noise correlators are a in (t)a †
, where n th is the thermal occupancy of the mechanical reservoir.
Under the condition of strong laser driving, we can linearize the system dynamics by splitting a → a + a and b → b + b, where a = 0 and b = β are the mean field values. The linearized equation of motion is obtained by neglecting the nonlinear terms in Eq. (2),
where the variables
T , and the matrix
where g = √ 2βg om is the effective optomechanical coupling strength.
The classical force is estimated from the output current I out of a photodiode that is linearly proportional to a certain optical quadrature of the output field, I out ∝ y ≡ b T out in the frequency domain, neglecting the intrinsic mechanical noise of the oscillator, is determined by the input-output relation:
where M is the 2 × 2 transfer matrix, and
T . The first term represents the quantum noise, and the second term is the output response to the classical force. The normalized quadrature gives an unbias estimatorf of f ,
is the added noise. The force sensitivity is quantified by the power density of the added noise 
For a resonant cavity (∆ = 0), the added noise is [14] f add = ξb
where
, and ξ = tan φ. Here the first term is the shot noise at the detection port, and the second term is the backaction noise from the oscillator due to radiation pressure. For non-squeezed coherent input laser, S = I/2. Assuming φ = ξ = 0, Eq. (7) gives rise to
where the inequality a + b ≥ 2 |ab| has been used. The minimal sensitivity is achieved when the backaction noise and shot noise are balanced, known as the SQL for the detector sensitivity [1] [2] [3] . However, the SQL can be overcome by several schemes. Schemes to beat the SQL.-A simple scheme to beat the SQL is just varying the readout quadrature angle (φ = 0) [7] . It introduces an extra ξ-dependent shot noise to destructively interfere with the original backaction noise and to give a better sensitivity. From Eq. (7), we have in terms ofχ a = 1/χ a =χ
where the inequalities a + b ≥ 2 |ab| and ax + (1 + x 2 )(a 2 + b 2 ) ≥ |b| have been used. This lower bound for force sensitivity is the known UQL in Refs. [5, 6] , which has also been discussed in the limits of weak coupling and high power gain in Ref. [3] .
Another scheme to beat the SQL in Ref. [4] is to use a frequency dependent squeezed input laser with the elements, S 11 = u, S 22 = v, and S 12 = S 21 = w. The interference between the backaction noise and the shot noise due to the correlation between b in 1 and b in 2 (w = 0) could give rise to certain negative terms in the S f , and thus surpass the SQL. For a coupled VM-FDS scheme, Eq. (7) gives
where the inequalities a + b ≥ 2 |ab|, uv − w 2 ≥ 1/4, and ax + (1 + x 2 )(a 2 + b 2 ) ≥ |b| have been used. In Ref. [6] , a nonzero cavity detuning (∆ = 0) is invoked, which simultaneously modifies the backaction noise and the shot noise, to beat the SQL. As shown in Fig. 2a , the UQL sets a lower bound to all the above schemes. Remarkably, the force sensitivity for a combined VM-FDS-CD scheme is also lower bounded by the UQL [14] .
Finally, we show that the CQNC scheme [8] that could beat the SQL still satisfies the UQL. In the CQNC scheme, an additional ancillary cavity of mode c(t) = (c 1 + ic 2 )/ √ 2 fed with the vacuum is introduced, and the following Hamiltonian is assumed:
The ancilla works effectively as a negative-mass oscillator, and its coupling with the main cavity can be realized via a beam-splitter and a nondegenerate optical parametric amplifier. Considering the intrinsic mechanical and cavity noises, the dynamics of the system is also governed by Eq. (3), where the variables
T , and the matrix A is given in [14] . Based on the output photoncurrent at readout angle φ, the added noise takes
is the intrinsic noise from the ancillary cavity. It can be seen that the backaction noise from the main cavity was canceled out. For sufficiently large pump g ≫ 1, the shot noise from the main cavity can be made insignificant with respect to F c . The detector sensitivity is essentially given by the power density of F c ,
namely, the UQL. Optimal force sensitivity for linear response detector.-For the conventional optomechanical detector, the above results suggest that the UQL might be true for any detection scheme, such as the cases in Ref. [15, 16] . To determine this conjecture, we consider some physical system as a generic linear response detector (see Fig. 1b ). The detector is described by some unspecified Hamiltonian H d , and has both an input operator, represented by an operator F , and an output operator, represented by an operator Z. The input operator F is coupled with the mechanical oscillator via the interaction Hamiltonian, H int = −gF q, where the oscillator operator q is not necessarily the position operator x, as long as it carries the input signal. The output operator Z (e.g., the output optical quadrature y) is related to the readout quantity at the output of the detector (e.g., the output current I out of the photodiode), from which the classical force is estimated.
The
where O 0 (t) denotes the operator in the interaction picture, and the symbol T means the time-ordered product. For the linear operators q, F , and Z (with the c-number commutators), Eq. (14) gives [14] q
where Z is the rescaled output operator via Z(ω) = χ ZF (ω)Z(ω). The susceptibility χ XY is defined via the c-number commutator,
Solving the first two equations and substituting into the third one of Eq. (15), we have the output operator in terms of the unperturbed operators,
The normalization of Z gives the estimatorf of f ,
where G F = gχand G Z = (1 − g 2 χχ FF )/g. The F 0 -term represents the backaction noise from the oscillator, while the Z 0 -term is the shot noise at the output. Neglecting the intrinsic mechanical noise ∝ q 0 , the scaled power density S
, where the relation S FZ = S * ZF has been used. The optimization of S ′ f over the coupling strength g gives
where A = −χ 
at all times, in order for Z(t) and Z 0 (t) to represent experimental data string. It immediately implies that χ ZZ (ω) = 0. Also, the causality principle imposes that the output Z 0 (t) should not depend on the input F 0 (t ′ ) for t < t ′ , and therefore χ FZ (ω) = 0. Furthermore, F and Z should satisfy the uncertainty relation [14] ,
Putting Eq. (19) into (18), we obtain where the inequalities a 1 x 1 + (a 2 1 + a 2 2 )(x 2 1 + x 2 2 ) ≥ |a 2 x 2 | and |a| ≥ a have been applied. The resulting force sensitivity is
which is the main result of this letter. It can be viewed as a generalized UQL. For the optomechanical detector, we have q = x, F = b 1 , Z = y, χ qx = χ= χ a , and thus the usual UQL for the detector sensitivity. As an example, we could conclude that the sensitivity with a PTsymmetric cavity near the PT-phase transition [16] can not be enhanced below the usual UQL, because therein the optomechanical interaction is of the form −gxF .
On the other hand, if the detector is coupled with the oscillator via a certain q = x, the lower bound in Eq. (21) might be achieved by tuning the detector structure and even beat the usual UQL. It can be understood that the backaction noise and the shot noise are modified with more freedoms to fulfill a destructive interference in the S f . As an example, we devise a toy optomechanical detector. The cavity-oscillator interaction is supposed to
which satisfies the stability condition since the eigenvalues of A are (−
. This type of coupling might be realized in one-dimensional superconducting stripline resonators [17] . Based on the measurement of y, the power density of the added noise can be calculated. The numerical result is plotted in Fig. 2b . It shows that the generalized UQL
is achievable at a certain frequency and beats the usual UQL. Eq. (23) 21), we get the optimal UQL
which approaches ΓΩ/ω for ω ≫ Ω, and is different from the usual UQL scaling as ωΓ/Ω. Obviously, the above result has incorporated the effect of coherent quantum control [9] , such as the CNQC scheme. As for the direct quantum feedback control [10] , the output signal is fed back to the system for changing the dynamical evolution. It introduces an additional term to the equation of motion for a generic operator O,Ȯ f b (t) = iλZ(t) [P, O] , where λ is the feedback gain, P(t) is the control operator. Within this formalism, the generalized UQL for force sensitivity still holds [14] .
Conclusion.-We have shown that the force sensitivity of the standard optomechanical detector associated with the optical quadrature measurement of the output field is lower bounded by the usual UQL. By the linear response theory, we have also found that the force sensitivity of any linear detector is lower bounded by the generalized UQL, which can beat the usual UQL by appropriately tailoring the detector. A toy optomechanical detector is devised to beat the usual UQL. We believe that this study provides a criterion for the sensitivity limit, just as the Heisenberg limit in quantum optical phase estimation, and even gives a promising approach for improving the performance of high-sensitivity detection schemes.
YG acknowledges the support from NSFC Grant No. 11304265. HH and HZ acknowledge financial support from the CRF scheme (CUHK1/CRF/12G), the ITF Substituting them into Eq. (29) gives the added noise in Eq. (7).
To prove the UQL for the combined VM-FDS-CD scheme, we note that f add obtained from Eq. (29) takes the form
Using the input density matrix S (with elements S 11 = u, S 22 = v, and S 12 = S 21 = w), the sensitivity is given by
It is simple to check the identities
Noting the inequality uv − w 2 ≥ 1/4, we finally have
which is the UQL for the optomechanical detector. For a pure squeezed input driving, we have u = cosh 2s − sinh 2s cos 2ϕ, v = cosh 2s + sinh 2s cos 2ϕ, w = − sinh 2s sin 2ϕ,
and uv − w 2 = 1/4, where s is called the squeezing factor and ϕ is the squeezing angle.
For the CQNC scheme, the ancillary Hamiltonian can be realized by a beam splitter described by the interaction form −g(bc † + b † c)/ √ 2 plus a non degenerate optical parameter amplifier described by the interaction term −g(e −2iω0t b † c † + e 2iω0t bc)/ √ 2. In the rotating frame at frequency ω 0 (b → e −iω0t b and c → e −iω0t c), the relevant Hamiltonian becomes H c = (ω c − ω 0 )c † c − gb 1 c 1 . Choosing the detuning ω c − ω 0 = −Ω, we get the Hamiltonian in Eq. (11) . So the ancilla works as a negative mass oscillator in order to cancel the backaction noise from the main cavity. The resulting matrix for the resonant case (∆ = 0) is
where the decay rate of the ancilla is assumed to be the same as the mechanical oscillator. The final output field is given by
where the backaction noise from the main cavity vanishes, due to the coherent cancelation, at the cost of an extra noise F c from the ancillary cavity.
Linear system and spectral uncertainty relations
The general linear system we described in the main text is H = H m + H d + H int with H int = −gF q. The operator in the Heisenberg picture is given by Eq. (14), where H 0 int = −gF 0 q 0 . Expanding the time-ordered exponential U(t), we have
and thus
For O = q, we note that [q 0 (t), F 0 (t ′ )] = 0 since q 0 and F 0 are independent variables, and [q 0 (t), q 0 (t ′ )] is a c-number for the linear operator q 0 . So Eq. (41) gives
where the second term comes from the action of the external force, and the relation F (t 1 ) = U † (t 1 )F 0 (t 1 )U(t 1 ) has been used. For a stationary system, we introduce the susceptibility
The 
where ζ j are arbitrary complex functions. The positivity of the Hermitian operator O † O implies that
We note the identity
where the symmetrized correlator
is related to the power density S jk (ω) via the Fourier transform S jk (t) = ∞ −∞ S jk (ω)e −iωt dω. In the frequency domain, Eq. (45) becomes
with the notation
It implies that the 2 × 2 the Hermitian matrix M jk is positive. This is equivalent to the following three spectral uncertainty relations S 11 (ω) ≥ −χ
Following the similar arguments for the positivity of OO † , we obtain S 11 (ω) ≥ χ
, and
For the case of 
They can be put into a more succinct form 
over all possible q = x + ηp, we need the expressions for χand χ qx . They can be derived through H m → H m − f− f x x and the relation q = χf q + χ qx f x . The equation of motion gives
So we read χ= (1 + η 2 )χ a ,
Substituting them into Eq. (21), we get
The optimization over η gives Eq. (24), i.e., the optimal UQL.
Direct quantum feedback control
The direct quantum feedback control feeds the output signal back to the original system for changing the dynamical evolution. It can be represented by an additional term for the equation of motion of a generic operator,
If the linear control operator P comes from the mechanical oscillator, we have i[P, q] = const. and [P, F ] = 0. In the frequency domain, Eq. (58) gives
Combing Eqs. (15) 
It is checked that the force estimatorf deduced from the above equation is identical with Eq. (17) . Similar result can be obtained if the control operator P is from the detector. Therefore, the generalized UQL is valid in the presence of the direct quantum feedback control.
